Abstract. Let fX n ; n b 1g be an arbitrary sequence of dependent absolutely continuous random viariables, fB n ; n b 1g be Borel sets on the real line, and I Bn ðxÞ be the indicator function of B n . In this paper, the limit properties of fI Bn ðX n Þ; n b 1g are studied, and a kind of strong limit theorem represented by inequalities with random bounds is obtained.
Introduction
Let fX n ; n b 1g be a sequences of absolutely continuous random variables on the probability space ðW; F; PÞ with the joint density function g n ðx 1 ; . . . ; x n Þ, n ¼ 1; 2; . . . : Let f k ðx k Þ, k ¼ 1; 2; . . . ; be an arbitrary sequence of density functions, and call Q n k¼1 f k ðx k Þ the reference product density. Let 
where o is a sample point. In statistical terms, r n ðoÞ is called the likelihood ratio, which is of fundamental importance in the theory of testing the statistical hypotheses (cf. and it will be shown in (13) that rðoÞ b 0 a.e. in any case. Hence rðoÞ can be used as a random measure of the deviation between the true joint density g n ðx 1 ; . . . ; x n Þ ðn ¼ 1; 2; . . .Þ and the reference product density
Roughly speaking, this deviation may be regarded as the one between fX n ; n b 1g and the independence case. The smaller rðoÞ is, the smaller the deviation is. The purpose of this paper is to establish a kind of strong limit theorem represented by inequalities with random bounds for the dependent random variables, by using the notion of asymptotic log-likelihood and the martingale convergence theorem, and to extend the analytic technique proposed by Liu [4] , [5] , and Liu and Yang [6] to the case of absolutely continuous random variables.
Main result
Theorem. Let fX n ; n b 1g, r n ðoÞ, rðoÞ be given as above, fB n ; n b 1g be a sequence of Borel sets of the real line, and I B n be the indicator function of B n . Let Then ðaÞ lim sup
Proof. Let l > 0 be a constant, and let
It is easy to see that Q n k¼1 h k ðx k Þ is a product density function of n variables. Let 
This implies that
We have by (7)
It follows from (1), (8), and (12) that
We have by (9), and (13) lim sup
(a) Let l > 1. Dividing the two sides of (16) by ln l, we obtain lim sup
By (15) and (2), we have lim sup
By (16), (3), the property of the superior limit lim sup
and the inequality 0 a lnð1 þ xÞ a x ðx b 0Þ, we have lim sup
By using the inequality 1 À l À1 < ln l ðl > 1Þ, we have by (17), (14) by ln l, we obtain lim inf
By (24) and (2), we have lim inf
By (25), (3), the property of the inferior limit lim inf
and the inequality lnð1 þ xÞ a x ðÀ1 < x a 0Þ, we have lim inf
By using the inequalities 1 À l À1 < ln l < 0 and ln l < l À 1 < 0 ð0 < l < 1Þ, we have by (26),
Let Q Ã be the set of rational numbers in the interval ð0; 1Þ, and let A Ã ¼ 7 l A Q Ã AðlÞ, hðl; rÞ ¼ bðl À 1Þ þ r=ðl À 1Þ. Then we have by (27),
Let b > 0. It is easy to see that if 0 < r < b, then hðl; rÞ as a function of l attains its largest value hð1 À ffiffiffiffiffiffiffi r=b p ; rÞ ¼ À2 ffiffiffiffi ffi br p on the interval ð0; 1Þ, and hðl; 0Þ is increasing on the interval ð0; 1Þ and lim l!1À0 hðl; 0Þ ¼ 0, and hðl; bÞ ¼ b½l À 1 þ 1=ðl À 1Þ is decreasing on the interval ð0; 1Þ and lim l!0 þ hðl; bÞ ¼ À2b. 
By (29) and (30), 
By (28), we have lim inf
It follows from (33) and (34) that,
Obviously, (35) also holds when rðoÞ ¼ y. Since PðA Ã V Að1ÞÞ ¼ 1, (6) follows from (35) directly. Proof. Letting B k ¼ B ðk ¼ 1; 2; . . .Þ, the corollary follows from the above theorem directly.
The strong law of large numbers for I B n ðX n Þ, n b 1; is a corollary of the above theorem. 
Proof. In this case, g n ðx 1 ; . . . ; x n Þ ¼ Q n k¼1 f k ðx k Þ, and rðoÞ ¼ 0. Hence (38) follows from (4) and (5) directly.
